Abstract. In this paper necessary and sufficient conditions of L ∞ -controllability and approximate L ∞ -controllability are obtained for the control system wtt = wxx−q 2 w,
Introduction
Consider the wave equation on a half-axis w tt = w xx − q 2 w, x > 0, t ∈ (0, T ), (1.1) controlled by the Dirichlet boundary condition w(0, t) = u(t), t∈ (0, T ), (1.2) where q ≥ 0 is a given constant, u ∈ L ∞ (0, T ) is a control, T > 0. We should note that most of the papers investigating controllability of the wave equation deal with bounded domains and consider L p -controllability (2 ≤ p ≤ +∞) [6, [8] [9] [10] [11] 17] and many others. Controllability problems for distributed parameter systems on domains unbounded with respect to the space variables are investigated not enough. These problems for the wave equation on a half-plane in the context of controls bounded by a hard constant were investigated in [3] . Controllability of the wave equation in R 3 were studied in [1] . Note that only L ∞ -controls can be realized practically. Controllability of the wave equation on a half-axis in the context of controls bounded by a hard constant were investigated in [4, 5, 15, 16] . In [15, 16] the wave equation on a half-axis controlled by the Dirichlet boundary condition was studied for q = 0. In [4, 5] the wave equation on a half-axis controlled by the Neumann boundary condition was studied for q ≥ 0. In the present paper the most of the results of [15, 16] are extended to the case q ≥ 0. Moreover, in the case q ≥ 0 the results [4] on controllability of the wave equation (1.1) controlled by the Neumann boundary condition are also extended to the case of the Dirichlet boundary control here.
In Section 3 we obtain necessary and sufficient conditions for L ∞ -controllability and approximate L ∞ -controllability of system (1.1), (1.2) T is also bounded. This influence operator is similar to the one considered in [4] , but it differs from it. The properties of the operator Ψ T obtained in Section 3 allows us to investigate the L ∞ -controllability and the approximate L ∞ -controllability problems at a given time. Controls solving these problems are found explicitly.
In the case q = 0 necessary and sufficient conditions for approximate L ∞ -controllability of control system (1.1), (1.2) were also established at a free time T > 0 in [15] . Analogues result for the wave equation controlled by the Neumann boundary condition was obtained in [5] for q = 0 too. Therein the time T > 0 was not fixed, i.e. an appropriate time T and a control u had to be chose to solve approximate L ∞ -controllability problem. In the case q > 0 the question whether an initial state of control system (1.1), (1.2) was approximately L ∞ -controllable at a free time was open. In Section 4, to solve this problem, we consider an extension Ψ of the operator Ψ T . The domain of Ψ contains functions with non-compact support. Unfortunately, this new influence operator Ψ is not invertible. To solve the approximate L ∞ -controllability problem at a free time, we have to find an appropriate "inverse" operator for Ψ. We use the Moore-Penrose inverse (the generalized inverse) Ψ + for the operator Ψ [2, 12, 13] . Application of the Moore-Penrose inverse operator is a key point of the present paper. Without loss of generality, we may consider the odd extension W of the solution w to (1.1), (1.2) and consider system (3.2) instead of (1.1), (1.2) because these control systems are equivalent. In Sections 3 and 6 the approximate L ∞ -controllability problem is studied at a given time and a free time respectively when a control u ∈ L ∞ (0, T ) is bounded by a given constant U > 0 ( u L ∞ (0,T ) ≤ U ). In Section 7 the results of Sections 3-6 are illustrated by examples. In the Appendix some properties of the operator Ψ are proved.
Notation
Let us give definitions of the spaces used in the paper. Let S be the Schwartz space [14] 
and let S be the dual space, here D = −i∂/∂x, | · | is the Euclidean norm.
Denote by H s l (s, l ∈ R) the following Sobolev spaces:
It is well known [7] , Chapter 1, that ϕ
It is well known [7] , Chapter 1, that
We also use the spaces
Further, for each function defined on a subset Q of R we assume everywhere that it is extended on the whole R and vanish on R\Q. Throughout the paper the domain, the range and the null space (the kernel) of an operator A are denoted by D(A), R(A) and N (A) respectively.
Conditions for (approximate) controllability at a given time
Consider control system (1.1), (1.2) with the initial conditions 
where u ∈ L ∞ (0, T ) is a parameter (a control). Here δ is the Dirac distribution, δ = H , H is the Heaviside function: H(ξ) = 1 if ξ > 0, and H(ξ) = 0 otherwise.
, where Φ was introduced and investigated in [4] . Evidently, if q = 0, then Ψ α = Id (where Id is the identity operator). Taking into account [4] , Proposition 3.2, Lemma 6.7, we conclude that the following theorem holds.
where 
The following theorem give us necessary and sufficient conditions for (approximate) B U -controllability. 
Moreover, the solution of the B U -controllability problem (the control u) is unique and 
). Using (3.9), we conclude that u ∈ B U (0, T ) and assertion (3.10) is true for it. Taking into account (3.8), we get 
According to Theorem 3.1: (ii), we obtain from here that (3.7), (3.9) are true. Taking into account (3.12), we obtain
Hence, (sgn tU) = Ψ 
is sufficient for (3.9) but it is not necessary for (3.9), according to Example 7.1, if q > 0. Due to the same
is necessary for (3.9) but it is not sufficient for (3.9), according to Example 7.1, if q > 0. If q = 0, then we obtain from here that (3.9), (3.13), and (3.14) are equivalent to W
Corollary 3.9. Let W 0 ∈ H and a time T > 0 be given. Then
Proof. Let us prove (i). Reasoning as in the proof of Theorem 3.5, we conclude that (3.7) and (3.8) are necessary for approximate L ∞ -controllability. To prove their sufficiency, we consider a sequence
With regard to Theorem 3.1: (ii) and (3.8), we get
Applying Theorem 3.2, we conclude that W 0 0 is approximately L ∞ -controllable at the time T > 0. Theorem 3.5 and Remark 3.8 yield assertion (ii). The corollary is proved. Examples 7.2, 7.6 illustrate Theorem 3.5 and Corollary 3.9.
Conditions for approximate L
∞ -controllability at a free time
Consider control system (1.1), (1.2), (3.1) and equivalent system (3.2), (3.3), where T > 0 is a parameter.
Let us consider an extension of Ψ α on a space of functions with non-compact support. Let Ψ :
One can see that if q = 0, then Ψ = Id. 
Proof. Lemma A.13 implies (i). By analogy with properties of Φ [4] , Appendix, we obtain assertions (ii), (iv).
With regard to the definition of Ψ, we conclude that (iii) is true. The theorem is proved.
Taking into account (3.5), consider an extension of Ψ α d dt sgn t on a space of functions with non-compact support. Let Ψ :
where
U(t) = u(t)(H(t) − H(t − T )) − u(−t)(H(t + T ) − H(t)).
By analogy with Theorem 4.3, we obtain 
We have used the inverse operator for Ψ α to solve controllability problem at a given time. But Ψ is not invertible according to Theorem 4.3. Let us use the Moore-Penrose inverse for the operator Ψ [2,12,13] to solve approximate controllability problem at a free time. Decompose the space H 0 0 into a direct sum of subspaces.
According to Theorem 4.3, the restriction Ψ| L1 is an invertible operator. Denote
One can see that
Due to Lemma A.14, (4.3) and the definition of Ψ + , we have 
The operator ΨΨ
α . To investigate approximate controllability at a free time, we study the operator ΨΨ + because the operator Ψ α
α play an important role in the study of the controllability problem at a given time. Taking into account Lemma A.16, we can continue the operator ΨΨ
According to Lemma A.16, Υf = ΨΨ
By analogy with the modified Bessel function
we introduce the following cylindric function
Using the definition of Υ, Lemmas A.16, A.18, and Corollary A.19, we obtain Theorem 4.6. Let q > 0. Then the following assertions hold:
We obtain this assertion from [15] , Theorem 1.1. Note also that W
where the closure is considered with respect to the norm · −1 0 . Proof. Let q = 0. Theorem 4.7 yields the assertion of this theorem because condition (4.7) is equivalent to condition (4.6) in this case. Now let q > 0.
Necessity of (4.7). Let
Taking into account Lemma A.12 and (3.5 ), we obtain W
Taking into account Theorem 4.6: (ii), we obtain from here that (4.7) holds.
Sufficiency of (4.7). Denote
Due to the Paley-Wiener theorem, we conclude that FW n 0 can be extended to an odd entire function. Hence,
With regard to Theorem 4.6: (ii), we get
Using Lemma A.12 and (3.5 ), we obtain that for the solution W to (3. 
In the case q > 0 the behavior of system (3.2), (3.3) essentially differs from its behavior in the case q = 0. This difference is generated by the properties of the influence operator Ψ. Indeed, N (Ψ) = {0} and Ψ (N (Ψ)) = {0} if q = 0, and N (Ψ)\{0} = ∅ and Ψ (N (Ψ)) = H 
Taking into account Theorem 4.4, we conclude that the restriction Ψ| M1 is an invertible operator. Denote
Here Ψ + is the Moore-Penrose inverse for Ψ. We have Ψ Ψ + = Id,
Denote Υ :
With regard to Lemma A.17, we have Υf = Ψ Ψ + f , f ∈ R( Ψ). By analogy with Theorem 4.5, we obtain Theorem 4.11. Let q > 0. Then the following assertions hold:
To obtain (iii), we use (A.8) and [4] , (3.11) . Taking into account the definition of Υ, Lemmas A.17, A.18, and Corollary A.19, we obtain (ii) Υ is bounded and 
Choosing an appropriate approximation of U n by a function of the form
we get a solution of the approximate L ∞ -controllability problem at a free time for system (3.2), (3.3).
Properties of the sets N(Ψ), Ψ(N(Ψ)) and N( Ψ), Ψ(N( Ψ))
According to Theorems 4.8 and 4. 
0 and sgn t g can be extended to an entire function of the order ≤ 1 and the type ≤ q.
The following two theorems give us properties of Ψ(N (Ψ)). , we obtain Analogously, we obtain properties of Ψ(N ( Ψ)).
Theorem 5.3. The following assertions hold
(i) R Ψ N (Ψ) ⊂ H 0 0 ⊂ H −1 0 ; (ii) N Ψ N (Ψ) = {0}.0 . Then f ∈ Ψ(N (Ψ)) iff there exists Φ ∈ H 0 0 such that (i) supp Φ ⊂ [0, q]; (ii) ξ −1/2 q 2 − ξ 2 −1/4 Φ ∈ H 0 0 ; (iii) f = 2 π F −1 σ→x σ q 0 Φ(ξ) dξ σ 2 + ξ 2 = i sgn x 2 π q 0 Φ(ξ)e −ξ|x| dξ.
Moreover, under conditions
(i)-(iii) we have Ψg = f for g = F −1 ξ→t sgn ξ Φ( q 2 − ξ 2 )/ q 2 − ξ 2 ∈ N (Ψ).
Proof. Sufficiency of
(i)-(iii). Put G(ξ) = sgn ξ Φ q 2 − ξ 2 / q 2 − ξ 2 .Ψg = 1 π F −1 σ→x σ G(ν) * 1 ν σ 2 + q 2 = 2 π F −1 σ→x σ q 0 μG(μ) dμ σ 2 + q 2 − μ 2 = 2 π F −1 σ→x ⎛ ⎝ σ q 0 ξG q 2 − ξ 2 σ 2 + ξ 2 dξ ⎞ ⎠ (5.1)
Then (iii) implies f ∈ Ψ (N (Ψ)).

Necessity of (i)-(iii). If
Theorem 5.5. The following assertions hold
(i) R Ψ| N ( Ψ) ⊂ H 0 0 ; (ii) N Ψ| N ( Ψ) = {0}. Theorem 5.6. Let f ∈ H 0 0 . Then f ∈ Ψ(N ( Ψ)) iff there exists Φ ∈ H 0 0 such that (i) supp Φ ⊂ [0, q]; (ii) ξ −1/2 q 2 − ξ 2 1/4 Φ ∈ H 0 0 ; (iii) f = 2 π F −1 σ→x σ q 0 Φ(ξ) dξ σ 2 + ξ 2 = i sgn x 2 π q 0 Φ(ξ)e −ξ|x| dξ.
Moreover, under conditions (i)-(iii) we have
Remark 5.7. Condition (iii) in Theorems 5.4 and 5.6 can be represented in the form (Ff ) (σ) =
With regard to Theorems 5.4 and 5.6, we see that the following theorem is useful for investigation of (ΨN ( Ψ)) and Ψ(N (Ψ)). Due to [7] , Chapter 2, the Paley-Wiener Theorem, and Lemma A.20, we get 
We have
With regard to Theorem 5.4, we conclude that
, m ∈ N. Taking into account Lemma A.20 and (5.2), we conclude that 
By formulae (4.1) and (4.2), the operators Ψ and Ψ can be extended on S 0 . Denote these extensions as Ψ ∞ and Ψ ∞ respectively. We have
6. Conditions for approximate B U -controllability at a free time
Consider control system (1.1), (1.2), (3.1) and equivalent system (3.2), (3.3) where T > 0 is a parameter. Let q > 0. Analyzing the proof of Theorem 4.8 and Examples 7.3-7.9, we see that the approximate B Ucontrollability problem at a free time is essentially more complicated than the approximate L ∞ -controllability problem at a free time. Moreover, the method that allows us to solve the second of these problems is not applicable to the first one. However, using the results of Section 5, we can obtain a sufficient condition for approximate B U -controllability at a free time. is approximately B U -controllable at a free time for
Proof. Taking into account Theorems 5.4, 5.6, 5.8, put
Applying again these theorems, we conclude that
. Therefore, for
, and
. Taking into account Theorems 4.3, 4.4 and setting 
Examples
In this section we consider examples illustrating the results of Sections 3-6.
Setting α = U/T , we conclude that (3.13) is not necessary for (3.9) for each T > 0. Setting α = (1 + qT )U/T , we conclude that (3.14) is not sufficient for (3.9) for each T > 0.
With regard to Theorem 3.1: (iii),(v), we obtain
Due to Theorem 3.5, the state 
With regard to Theorem 5.6 and Remark 5.7, we conclude that g
Taking into account Theorem 4.3: (ii) and Theorem 4.4: (ii), we conclude that
Taking into account (7.4), (7.5), we obtain
Thus, the controls u
at a free time for the state W 0 . In the case n = 0 the state W 0 is also B U -controllable at a free time for U > 1 because 
is approximately L ∞ -controllable at a free time. Let us find controls solving the approximate L ∞ -controllability problem for this state. Reasoning as in Example 7.3 and using Theorem 5.4 instead of Theorem 5.6, we conclude that
∞ -controllability problem at a free time for the state W 0 . . In the following example we realize this scheme. is approximately L ∞ -controllable at a given time T > 0 iff T > 1 and condition (3.8) holds. With regard to Theorem 3.1: (vi), we have 
Remark 7.5. It is known that
here we use (7.9). According to Example 7.3, for each n = 0, N we can find an odd function 
here we use (7.12). According to Example 7.4, for each n = 0, N we can find an odd function
, and |x| n e −q|x| sgn x − ΨU n ε where U m (t) = u m (t) − u m (−t), m = 1, ∞. Therefore, controls u m , m = 1, ∞, do not solve the problem under consideration. Let us prove estimate (7.14). We have
Thus, the controls
Now estimate the later integral. Determine n m ∈ Z such that
as m → ∞.
. With regard to (7.15), we conclude that estimate (7.15) is valid.
In the following examples we use Theorem 6.3 to investigate the approximate B U -controllability problem at a free time. is approximately B U -controllable at a free time for
Now let us find controls solving the approximate B U -controllability problem at a free time for W 0 . To this aid, we use the scheme from the proof of Theorem 6. 
Therefore, estimate (7.16) is sharp for this W 0 . 
Since is approximately B U -controllable at a free time for
Therefore, estimate (7.17) is not sharp for this W 0 .
Appendix A Lemma A.12. Let q > 0. Then
Proof. With regard to [4] , we have
The lemma is proved.
Proof. With regard to the definition of Ψ, we conclude that
According to (4.4) and (4.5), we get
We also have where L m > 0.
Proof. We have That was to be proved.
